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Abstract:

This article explores soliton wave solutions for the system of the stochastic Radhakrishnan-Kundu-Lakshmanan
(R.K.L) equations within magneto-optic waveguides. The system incorporates multiplicative white noise in the Ito
sense and power law nonlinearity. The generalized (F'/F) -expansion approach, along with the auxiliary equation
F'2(8) = Ry + R,F2(§) + R, F*(&) , is utilized to derive exact optical wave solutions. The study presents a variety
of soliton wave solutions, including dark (kink) and singular solitons, as well as Jacobi-elliptic functions wave
solutions. Finally, a comparison is made between our findings and existing literature.

Keywords: Radhakrishnan-Kundu-Lakshmanan equation; White noise; Generalized (F’/F) -expansion ap-
proach; Magneto-optics waveguides.

1. Introduction

systems of nonlinear evolution equations are well-known for their importance in modeling various phenomena
across the physical sciences, such as nonlinear optical fibers, waveguides, plasma physics, quantum optics, fluid
dynamics, and telecommunications. As a result, there has been increasing interest from researchers in finding soliton
wave solutions for these nonlinear partial differential equations (PDEs), leading to the exploration of various meth-
ods. Recent developments have delved into topics like dispersive solitons, highly-dispersive solitons, pure-cubic
solitons, cubic-quartic solitons, dispersion-managed solitons, as well as the effects of white noise and magneto-optic
waveguides, among many other related areas [1-13]. This study specifically focuses on optical solitons in dispersive
media, which have been analyzed in several models, including the Fokas-Lenells equation [14] and the Schrédinger-
Hirota equation [15], among others. This article primarily focuses on dispersive solitons within the framework of
the well-established R.K.L equation [15-26]. In this research, we examine the cubic system of magneto-optic wave-
guides associated with the nonlinear R.K.L equation, incorporating nonlinear power law and multiplicative white
noise [26].

i(pt + A1 Pxx + (bll(Plzn + C1|1/)|2n)§0 + i[ﬁlgoxxx + a1(|¢|2n¢)x] + 0¢Wt(t)

= Q1¢+i[’h‘l’x+H1(|<P|2n)x¢+91|§0|2n§0x]' 1)
and

W + Qe + (D2|P1P" + ol @1P™Y + i[B2Wrex + az (IY12"P)] + oYW, (8)
= Q29 + il + o (IWIP™M)x + 021912, O]

Here, ¢(x,t) and ¥(x,t) represent complex-valued functions that characterize the wave profiles, while
a;, b, ¢, B, aj, o, Q;, A, uj, 6; (G =1,2) arereal constants. Q; (j = 1,2) are the coefficients of magneto-
optic waveguides terms. a; are the coefficients of chromatic dispersion, b;, c; are the coefficients of self-phase
modulation and cross-phase modulation respectively. g; are the coefficients of third order dispersion. 4; are the
coefficients of the intermodal dispersion, a;, u; and 6; are the coefficients of nonlinear dispersion terms. The
solitary wave solutions for Equations (1) and (2) are obtained through the generalized (F'/F) -expansion approach.

This article is structured as follows: Section 2 offers a mathematical analysis of Equations (1) and (2). In Section 3,
we will derive the optical solitons for these equations using the generalized (F’'/F) -expansion approach. Finally,
Section 4 presents the conclusions derived from the study.

2. Converting to ordinary differential equations
For solving Equations (1) and (2), we suppose that the wave profiles take the forms:

o(x,t) = Uy (§)eildt+ow(®-o?t] @
Y(x, t) = U,(§)elld&+ow®-o?t] @
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&= (x—pt),I9(x,t) = —kx + wt, (5)

where p, k and w are real constants, and the functions 9(x,t), U;(§) (j = 1,2) are real functions. the constant
K represents the frequency, while the constant p represents the velocity and the constant w represents the wave
number. The function 9(x,t) is the phase component. Finally, the functions U;(§) (j = 1,2) are the amplitude
components. By evaluating (3), (4) into Equations (1), (2), the real parts are derived as follows:

Brpy + a)Uy" + [(ay — 6k + by JUF™ + ¢, U, U™
_(K3ﬁ1 +K2a1 +K:/11_0—2+Q))U1_Q1U2 = 0, (6)
and

(BkBy + a) Uy + [k(ay — 6,) + by ]UZ™! + ¢, U, UZ"
—(x3B, + K?ay + kA, — 0% + W)U, — Q,U; = 0. @
Also, we can derive the imaginary parts as follows:
U = 2n(uy — ay) + 0, — al]Ulan{ — (3B1k* + 2a,k + p + 1,)U; =0, (8)
and
B2U;" = [2n(u; — a3) + 0, — a, UM Uy — (3B,k* + 2a,k + p + A,)U; = 0. C))
For simplicity, we can let
U,(&) = 2,U1(5), (10)
where 0, isa constant, such that 2, # 0 and (2, # 1. Equations (6), (7), (8) and (9) can be reduced as:
Brpy + a)Uy + [(a; — Ok + Q%nﬁ + b1]U12n+1

_(K3ﬁ1 + K2a1 + K/ll - 0-2 + w + QlQl)Ul = 0, (11)
(BrB, + ax)Ui" + [27" (k(a; — 6,) + by) + ¢, JUF™!
—(K3ﬁ2 + K2a, + ki, —O'Z-I-a)-l-%) U, =0, (12)
1
BiUy" — [2n(uy — ay) + 6; — a;JUPMU; — (3Byk? + 2a:6 + p + 4)U; =0,  (13)
B.Us" — 07" [2n(u, — a3) + 0, — a,)UF"U; — (3B,k* + 2a,k + p + A,)Uf = 0. (14)
On applying the principle of linear independence on Equations (11) and (12), we get:
- _ % = _ %
o= 31 orx 382’ (15)
and
w=0%—(3p; +r2a; + kA; + 2,0,
or w=0?%— (K3,82 +K2a, + kA, + !Q)—Z) ’ (16)
1
as well as the parametric restrictions:
(a; — 8Kk + 0%c, + b, = 0} 17)
Q%n[K(az - 92) + bz] + C2 = 0 ’

provided a; # 0 and B; # 0 (j = 1,2).
Equations (13) and (14) are the same form under the following conditions:

Bi _  2n(uy-a)+01-ay  _ 3ByKP+2a3k+ptiy (18)
Bz 0M2n(uz—az)+62—az]l  3BaK2+2azk+p+A;

From Equations given by (18), we can determine the soliton velocity as:

p= [3’2(2xa1+11):[31(2a2x+/12)’ (19)
B1—B2

provided B; # f,.
Now, let us solve Equation (13) under the conditions (18). To this aim, we integrate Equation (13) and put the in-
tegration constant equal to zero

BuUy — [P 2t — 36,k + 203 + p + A)U;y = O, (20)
By considering U;" and UZ™*1 in Equation (20), we determine N = % . Subsequently, the transformation:
1
U1() = [V(O]~, (21)

where V(&) > 0 isafunction of & and n > 1. Putting (21) into Equation (20) changes it to the new ODE:

B12n+ D[nV"V — (n— DV'?] —n2@2n + 1)(3x2B, + 2ka;, + p + A,)V?

+n?[2n(a; — ) + a; — 6,]Vv* = 0. (22)

Next, we will apply the generalized (F'/F) -expansion approach to determine the solitons waves and other exact
solutions of Equations (1), (2).
3. The generalized (F'/F) -expansion approach
By balancing VV” and V* in equation (22), we obtain the balance number N = 1. The (F'/F) expansion
approach [27-29] assumes the exact wave solution of equation (22) can be written as:
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and F(&) isafunction of % satisfying the Jacobi elliptic equation:
F'2(§) = R + RyF?(§) + RF* (), (24)

where A,, A;, Ry, R, and R, are constants, such that A; # 0. Equation (24) has many exact solutions of Ja-
cobi-elliptic functions and Weierstrass-elliptic functions [27-31] as the following tables:

Table A: (The Jacobi-elliptic function solutions) :

Case R, R, Ry F(§)

1 |2 _(12 + 1) 1 sn (f: l)

> 2 —a+ | 1 = oD
I cd (§,D) =50

3 2 212 —1 1-12 en(é, D)

4 ]2 ]2 1 ’l
1-1 2—-1 sc(§, D) = sn(&, 1)

cn(€, D

5 1 1-212 1 ns(¢, ) +es(é D)

4 2 4

By differentiating equation (23) and successively applying equation (24), we can get the following derivatives:
’ 2 ’ 4
(vr2(¢) = A2R2 — 242R, (—F )+ a3 (—F D) - 4R4A§Ro\‘

F(&) F(&)
(25)
e _ FO\[(F© _
e =24 (F(é)) [(F(é)) RZ]' / ,
r L
By substituting (23) and (25) into equation (22), then collecting all the coefficients of (Z(—(;))) , (i =

0, 1, 2, 3, 4), setting them equal to zero, we get the algebraic equations:

oy 2 ez Y A
(F(f)) P 2p@OE - 9i(n 1))(n+2)+2n <(a1 “1)n+2 2)191—0,

0

! 3
(;((;)) 1 4B10,9pn (n + %) + 8n? ((a1 —un+ % - f) 939, = 0,
! 2
FO\ . 1 . .
(F(e)) i 2B (—292R,n + 202R,(n — 1)) (n + 5) + 12n? ((a1 —pn+ k= 71) 9292

—2n? (n + %) Bk?By + 2ka, + p + 1)9% =0,

F' 1 0
(%) : 4B Ry 9,90 (n + ;) +8n? ((051 —pn+ % - f) 959,

—4n? (n + %) (Bk2B; + 2ka, + p + A1)9;9, = 0,
’ 0

FOY . _ _ 2 2p2Y(y — 1 2 _ a 91\ g4 _ 5.2
(58) =2 (~4R02Ry + 97RD(m — 1) (n+3) + 2n ((al un+% 2)190 2n (n +
%) (Bk?By + 2kay + p + A,)95 = 0.

12 0 1] 4
; ; ; F (§) F(§) ; .
On solving the above algebraic equations (F(E)) - (ﬁ) using Maple, we have the result:

’ 6
Ry =Ry Ry=Ry, n=1, p=-3k?p; — 2B1R;, — 2xka; — A, ,9, =0, 9, = _ﬁ'

(26)
provided B;(3a; — 21, — 6;) < 0.
Substituting (26) into (23), we have the general solution of equation (22):

S T PR L)
V() = m [F(f) ' “

Now, according to Table A., Table B. and the general solution (27), we deduce the cases of soliton wave solutions
of equations (1), (2) as follows:

Case-1. When R, = 1% R, =—(1*+1), Ry =1, with 0 << 1, F(¢) = sn(§,1), we derive the Jacobi-
elliptic solutions

_ _ 651 cn(€,Dan(é,D ilQ(x,)+ow (t)-a?t]
px,t) = { 3,211 -6 ( sn(&,l) )}e ’ (8)
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lz[}(x: t) = 'Ql(p(x! t) (29)
Specifically, as [ — 1, Equations (1), (2) exhibit straddled solitons

0 0) ={ |~ sy sech(@esch(§)] ellMerow -0, (30)

Y(x,t) = 29(x, t). 31)
Case-2. When R, =12, R, = —(1+1%), Ry =1, with 0<Il< 1, F(§) = cd(&,1), we derive the Jacobi-el-
liptic solutions

_ 631 (1—12)Sn(€,l) i[9 t)+o —g2
ot = _J_3a1—2ﬂ1—91(dn(€,l)zcd(€.l)) eloarowo-rtl, (32)

Y(x, t) = Q0(x,t). (33)
Case-3.When R, = =12, R, =2I> -1, Ry =1—-12, with 0<1< 1, F(§) = cn(¢,1), we derive the Jacobi-
elliptic solutions

—_J)_ |_ 6f1 dn(§, D) sn(§, ) i[9(x,)+ow (t)-a?t]
p(x,t) = J 3a1_2“1_91( ) e * . (G

cn(§, 1)
PY(x,t) = 2,0(x,t). (35)
Specifically, as -1 , Equations @ and 2 exhibit dark solitons
0(0,0) = {= [ B tanh ()] elloOrwOo%) (36)
Y(x,t) = D0, 1) @7)

Figure 1: illustrates the simulations of soliton solution (36) in two-dimensional and three-dimensional plots
withvalues: gy =-1, a; =2, 44, =2, 6, =k =w=p=1, 0 =0.02

and W, (t) =t

Figure 1. The profile of the dark soliton solution (36).
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Case-4. When R, =1—1% R, =2—-1% Ry =1, with 0 <1< 1, F(§) = sc(¢, 1), we derive the Jacobi-el-
liptic solutions

_V|__ e an(é.n i[9 (x,t)+oW (t)-a2t
o(x,t) —{ —— (cn(f,l)sn(f,l))} elPEDraw®)-a?t] (38)
Y(x,t) = 2,9(x, t). (39)
Specifically, as -1 , Equations Q and 2 exhibit singular solitons
0e0) = { |~ oy coth(D)] e o-o'd, (40)
ll}(x! t) - 'Ql(p(x! t) (41)

Case-5. When R, = % R, = 1_2—212 Ry = % with 0 <l <1, F(§) =ns(, 1)+ cs(é, 1), we derive the Ja-

cobi-elliptic solutions

o(x,t) = {$ ’_ 2“ o ds(é, l)} i[ﬂ(x,t)+0W(t)—02t], (42)

ll}(x! t) = 'Ql(p(xf t) (43)
In particular, if I — 1, then equations (1) and (2) have the singular solitons

_ 60, ) 5
) = h i[9(x,t)+oW (t)—o t]’ 44
e +J k() f @ (44)
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Y(x, t) = D,9(x, 1) (45)

4. Conclusions

The generalized (F'/F) -expansion approach with the auxiliary equation F'2(§) = Ry + R,F?(&) +
R,F*(&) has been employed to obtain the solitons wave solutions of the stochastic R.K.L equation in magneto-
optic waveguides with multiplicative white noise in the 1t sense and nonlinear power law. Dark, singular solitons
solutions as well as Jacobi-elliptic function solutions are reported for the first time. Solitons solutions have been
obtained by imposing specific constraints, which are also outlined in the current work. This study has been intro-
duced a new model in the field of nonlinear optics, making the obtained results distinct from previously published
works. We have presented a numerical simulation of the dark soliton (36), which represents the most important
soliton solution, through two-dimensional and three-dimensional plots at small value of noise coefficient. In this
figure, it is observed as the noise level increases, the surface becomes smoother after small transitional behaviors.
This indicates that the presence of multiplicative noise affects the solutions and contributes to their stability. Ulti-
mately, this study concludes that the noise effect, specifically the strength of the noise, has a significant impact on
soliton solutions.
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