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Abstract. The aim of this paper is to study the notion of contra pre-continuous functions in a bitopological space 

called pairwise contra pre- continuous up on some generalizations of closed sets, namely pairwise pre-closed and 

pairwise pre-open sets. Also, we introduce pairwise contra pre-closed graphs and study some of their properties. 

In addition, we study the implications of these types of functions on some covering properties. 
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1- Introduction and Preliminaries 

The study of some generalizations about closed sets in 

topological space known as pre-closed sets was started 

by several authors in recent years [4,12]. Mashhour et. 

al. proposed the idea of a pre-open set in topological 

spaces [12]. The subset 𝐴 of a space 𝑋 is called pre-

open if 𝐴 ⊂ 𝑖𝑛𝑡(𝑐𝑙(𝐴)). So, 𝐴 is termed pre-open set 

in a space 𝑋. In addition, the pre-closed set is defined 

as the complement of a pre-open set. Based on the sets 

recall mentioned above, many researchers gave some 

kinds of functions in topological space. For example, 

Dontchev presented the concept of contra continuity 

[4]. Also, Jafri and Noiri introduced and investigated 

the concept of contra pre-continuity in topology which 

is weaker than contra-continuity [5]. A function 

𝑓: (𝑋, 𝜎) → (𝑌, 𝛿) is termed contra pre-continuous if 

𝑉 is 𝛿-open set then 𝑓−1(𝑉) is 𝜎-pre-closed in 𝑋. They 

obtained many basic properties and some effects of it 

on some topological concepts as connectedness and 

covering properties as compactness.  Jelić introduced 

the idea of pre-open sets in bitopology [6]. Also, some 

researchers studied various types of functions and 

graphs in bitopological spaces [2,6,8] and others).  

In the current work, we focus on the notion of contra 

pre-continuous in bitoplogical settings and provide 

several characterizations of this function. Furthermore, 

we investigate its graphs and the effects on many 

covering properties as pairwise strongly LindelÖf 

spaces. 

During this study, all spaces (𝑋, 𝜏) and (𝑋, 𝜎1, 𝜎2) all 

the time mean topological spaces and bitopological 

spaces, respectively. In current investigation, we 

practice the symbols (𝜎1, 𝜎2)- to signify assured 

properties with respect to topology 𝜎𝑖 and 𝜎𝑗 as 

bitopological spaces, such that 𝑖, 𝑗 =  {1, 2}. Using 𝜎𝑖-

open set, we shall imply the open set with respect to 

topology 𝜎𝑖 in 𝑋. Also,  𝜎𝑖-open cover of  𝑋 implies 

that the cover of 𝑋 by 𝜎𝑖-open sets in X. The reader 

may find more details about symbols and thoughts in 

[7]. 

 

 

Definition 1.1. [6] A set 𝑃 in  (𝑋, 𝜎1, 𝜎2) is termed  

(𝑖, 𝑗)-pre-open if and only if  𝑃 ⊂  𝑖⎯𝑖𝑛𝑡(𝑗⎯𝑐𝑙(𝑃)). A 

subset 𝑃 is said to be pairwise pre-open in 𝑋 if it is 

(1,2)-pre-open and (2,1)-pre-open. 

A set is named (𝑖, 𝑗)-pre-closed if it is the complement 

of  (𝑖, 𝑗)-pre-open. A set 𝑃 is called pairwise pre-

closed in 𝑋 if it is (1,2)-pre-closed and (2,1)-pre-

closed. 

The collection of all (𝑖, 𝑗)-pre-open (resp. (𝑖, 𝑗)-pre-

closed) sets in 𝑋 will be presented by (𝑖, 𝑗)-PO(𝑋 ) 

(resp. (𝑖, 𝑗)-PC(𝑋)). 

Definition 1.2. [9] A  𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is 

known as continuity if 𝑓−1 (𝑉) is 𝜎𝑖-open in 𝑋 for all 

𝛿𝑖-open set 𝑉 in 𝑌 such that 𝑖 = 1,2. 

Definition 1.4. [3] A space (X , 𝜎1, 𝜎2) is termed (𝑖, 𝑗)-

submaximallty if any 𝑗-dense set in 𝑋 is 𝑖-open. 𝑋 is 

pairwise submaximallty if it is (1,2)- submaximallty 

and (2,1)- submaximallty. 

Definition 1.5. [11]  𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is 

(𝑖, 𝑗)-contra continuity if 𝑓−1(𝑉) is  𝜎𝑖-closed in 𝑋 for 

each 𝛿𝑗-open set 𝑉 in 𝑌 such that 𝑖, 𝑗 = 1,2  and 𝑖 ≠ 𝑗. 

A function 𝑓 is called pairwise contra continuity if it is 

both (1,2)-contra continuity and (2,1)-contra 

continuity. 

2-Pairwise contra pre-continuity. 

 
Due to Jafri definition [5], we shall generalize it to 

pairwise contra pre-continuity in bitopology as the 

following: 

Definition 2.1. A function 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) 

is (𝑖, 𝑗)-contra pre-continuity if 𝑓−1(𝑉) is (𝜎𝑖 , 𝜎𝑗)-pre-

closed in 𝑋 for each 𝛿𝑗-open set 𝑉 in 𝑌, for 𝑖, 𝑗 = 1,2  

and 𝑖 ≠ 𝑗. The function 𝑓 is said to be pairwise contra 

pre-continuity if it is both (1,2)-contra pre-continuity 

and (2,1)-contra pre-continuity. 
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Remark 2.1.  It is clear that each pairwise contra 

continuity is pairwise contra pre-continuity but the 

converse is not true in general as the next example 

shows. 

Example 2.1.  Let 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) be a 

function and 𝑋 = 𝑌 = {𝑎1, 𝑎2, 𝑎3} such that 𝜎1 =

{∅, 𝑋, {𝑎1}, {𝑎1, 𝑎3}}, 𝜎2 = {∅, 𝑋, {𝑎3}},   𝛿1 =

{∅, 𝑌, {𝑎1}} and 𝛿2 = {∅, 𝑌, {𝑎2}}. Let f defined as 

𝑓(𝑎1) = 𝑎1, 𝑓(𝑎2) = 𝑎3, 𝑓(𝑎3) = 𝑎2. 𝑓 is not 

pairwise contra continuity [11], but it is pairwise 

contra pre-continuity. 

Further, the notions of continuity and pairwise contra 

pre-continuity are independent. 

Example 2.2.  Let 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑋, 𝛿1, 𝛿2) be a 

function and 𝑋 = {𝑎1, 𝑎2, 𝑎3} such that 𝜎1 =

{∅, 𝑋, {𝑎2}, {𝑎1, 𝑎2}}, 𝜎2 = {∅, 𝑋, {𝑎2, 𝑎3}},  𝛿1 =

{∅, 𝑋, {𝑎1}},  𝛿2 = {∅, 𝑋, {𝑎2}}.  Let 𝑓 defined as 

𝑓(𝑎1) = 𝑎1, 𝑓(𝑎2) = 𝑎3, 𝑓(𝑎3) = 𝑎2. Thus 𝑓 is 

pairwise contra continuity [11]. So, it is pairwise 

contra pre-continuity. 𝑓 is not continuity since 𝑉 =
{𝑎1} ∈ 𝛿1 but  𝑓−1({𝑎1}) = {𝑎1} ∉ 𝜎1.  

Theorem 2.1. Let 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2). The 

followings are equivalent: 

(1)  𝑓 is (𝑖, 𝑗)-contra pre-continuity; 

(2)   𝑓−1(𝑊) is (𝜎𝑖 , 𝜎𝑗)-pre-open set in 𝑋, for any 𝛿𝑗-

closed set 𝑊 in  𝑌; 

(3)   for every point 𝑥 in 𝑋 and every 𝛿𝑗-closed set 𝑊  

containing 𝑓(𝑥), we have (𝜎𝑖 , 𝜎𝑗)-pre-open set 𝑉 

containing 𝑥 such that   𝑓(𝑉) ⊂ 𝑊. 

Proof:  (1) ⟹ (2) Suppose that  𝑊 be any  𝛿𝑗-closed 

set in  𝑌. So,  𝑌\𝑊 is 𝛿𝑗-open. Since 𝑓 is (𝑖𝑖 , 𝑗)-contra 

pre-continuous,  𝑓−1(𝑌\𝑊) is (𝜎𝑖 , 𝜎𝑗)-pre-closed. 

Then,  𝑓−1 (𝑌\𝑊) = 𝑋\𝑓−1 (𝑊) is 𝑖-(𝜎𝑖 , 𝜎𝑗)-pre-

closed and  𝑓−1(𝑊 ) is (𝜎𝑖 , 𝜎𝑗)-pre-open set in 𝑋.  

(2) ⟹ (1) Suppose that 𝑉 be any  𝛿𝑖-open set.  So,  

𝑌\𝑉 is 𝛿𝑗-closed set. By (2), we have  𝑓−1(𝑌\𝑉) =

𝑋\𝑓−1(𝑉)  is (𝜎𝑖 , 𝜎𝑗)-pre-open set. This implies that  

𝑓−1(𝑉) is (𝜎𝑖 , 𝜎𝑗)-pre-closed set. Therefore, 𝑓 is (𝑖, 𝑗)- 

contra pre-continuity. 

(2) ⟹ (3) Assume that 𝑊 be 𝛿𝑗-closed set containing 

𝑓(𝑥). Via (2),  𝑓−1(𝑊) is (𝜎𝑖 , 𝜎𝑗)-pre-open containing 

𝑥 such that 𝑓−1(𝑊) = 𝑈 𝑓(𝑈) ⊆ 𝑊. 

(3) ⟹ (2)  Suppose that 𝑊 be any 𝛿𝑗-closed set such 

that 𝑓(𝑥) ∈ 𝑊 ⟹ 𝑥 ∈ 𝑓−1(𝑊). Thus, we have 𝑉𝑥 ∈
(𝜎𝑖 , 𝜎𝑗)-𝑃𝑂(𝑋, 𝑥) such that 𝑓(𝑉𝑥) ⊂ 𝑊. Then, 

𝑓−1(𝑊) = ⋃{𝑉𝑥: 𝑥 ∈ 𝑓−1(𝑊)} ∈ (𝜎𝑖 , 𝜎𝑗)-𝑃𝑂(𝑋, 𝑥).∎ 

Here, we introduce the notion of pairwise pre- 

connected as following: 

Definition 2.2.  A space (X , 𝜎1, 𝜎2) is said to be (𝑖, 𝑗)-

pre-connected if  X cannot be written as union of  

(𝑖, 𝑗)-pre-open set and  (𝑗, 𝑖)-pre-open set in 𝑋. 𝑋 is 

called pairwise pre-connected if it is (1,2)-pre-

connected and (2,1)- pre-connected. 

Theorem 2.2.  If 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is 

pairwise contra pre-continuity onto and 𝑋 is (𝜎𝑖 , 𝜎𝑗)-

pre-connected, then 𝑌 is (𝛿𝑖, 𝛿𝑗)-connected. 

Proof:  Suppose that 𝑌 is not (𝛿𝑖 , 𝛿𝑗)-connected. So, 

we have 𝛿𝑖-open set 𝑊1and 𝛿𝑗-open set 𝑊2 such that 

𝑊1⋃𝑊2 = 𝑌 and 𝑊1⋂𝑊2 = ∅ [7]. Furthermore, 𝑊1is 

𝛿𝑖-closed set and 𝑊2 is 𝛿𝑗- closed set. Due to pairwise 

contra pre-continuity of 𝑓, 𝑓−1(𝑊1) is (𝑗, 𝑖)-pre-open 

and 𝑓−1(𝑊2) is (𝑖, 𝑗)-pre-open in 𝑋. As 𝑓 is onto, we 

get 

𝑓−1(𝑊1)⋃𝑓−1(𝑊2) = 𝑋  

and 

𝑓−1(𝑊1)⋂𝑓−1(𝑊2) = ∅. 

This contracts that 𝑋 is (𝜎𝑖 , 𝜎𝑗)-pre-connected space. 

Therefore 𝑌 is (𝛿𝑖 , 𝛿𝑗)-connected space.∎ 

Theorem 2.3.  [3] Every subspace 𝐴 of (𝑖, 𝑗)-

submaximallty space 𝑋 is (𝑖𝐴, 𝑗𝐴)-submaximallty. 

Theorem 2.4.  If a bitopological space 𝑋 is (𝑖, 𝑗)-

submaximallty, then each  (𝑖, 𝑗)-pre-open subset of 𝑋 

is 𝑖-open. 

Proof: From Theorem 2.3. ∎ 

Theorem 2.5. If  𝑓: ( 𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is (𝑖, 𝑗)-

contra pre-continuity and 𝑋 is (𝑖, 𝑗)- submaximllty, 

then 𝑓 is (𝑖, 𝑗)-contra continuity.  

 

Proof:  Assume that 𝑉 be 𝛿𝑗-open set. So 𝑓−1(𝑉) is a 

(𝜎𝑖 , 𝜎𝑗)-pre-closed set in 𝑋 because  𝑓 is (𝑖𝑖 , 𝑗)⎯contra 

pre-continuity. So  𝑋\𝑓−1(𝑉) is (𝜎𝑖 , 𝜎𝑗)-pre-open set. 

As 𝑋 is (𝜎𝑖 , 𝜎𝑗)- submaximllty space and by Theorem 

2.4,  𝑋\𝑓−1(𝑉) is 𝜎𝑖-open. Then  𝑓−1(𝑉) is 𝜎𝑖-closed 

set in 𝑋. This shows that 𝑓 is (𝑖𝑖 , 𝑗)-contra 

continuity.∎ 

 

 Theorem 2.6.  Let 𝑓: ( 𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) be    

(𝑖, 𝑗)-contra pre-continuity and  𝑔: (𝑌, 𝛿1, 𝛿2) →
 (𝑍, 𝛾1, 𝛾2) is  j-continuity, thus 𝑔𝑜𝑓: (𝑋, 𝜎1, 𝜎2) →
 (𝑍, 𝛾1, 𝛾2) is (𝑖𝑖 , 𝑗)-contra pre-continuity.  

Proof:  Assume that 𝑊 be 𝛾𝑗-open set. Since 𝑔 is 𝑗-

continuity, then  𝑔−1(𝑊) is 𝛿𝑗-open set.  As 𝑓 is (𝑖, 𝑗)-

contra pre-continuity, then  𝑓−1(𝑔−1(𝑊)) is (𝜎𝑖 , 𝜎𝑗)-

pre-closed set in 𝑋. Due to 𝑓−1(𝑔−1(𝑊) =
(𝑔𝑜𝑓)−1(𝑊),  so 𝑔𝑜𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑍, 𝛾1, 𝛾2) is 

(𝑖, 𝑗)-contra pre-continuity. ∎ 

Next, we state the restriction of pairwise contra pre-

continuity. 
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Theorem 2.7. Let 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) be 

(𝑖𝑖 , 𝑗)-contra pre-continuity. If  𝑈 is (𝜎1, 𝜎2)-pre-

closed subset of  𝑋 then the restriction 

𝑓𝑈: (𝑈, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is (𝑖𝑖 , 𝑗)-contra pre-

continuity. 

Proof:  Suppose that 𝑉 is 𝛿𝑗-open in 𝑌. 𝑓−1(𝑉 ) is 

(𝜎𝑖 , 𝜎𝑗)-pre-closed in 𝑋 since 𝑓 be (𝑖𝑖 , 𝑗)-contra pre-

continuity. Thus 𝑓−1(𝑉) ⋂𝑈  is  (𝜎𝑖 , 𝜎𝑗)-pre-closed in 

𝑈. Since (𝑓𝑈)−1(𝑉) =  𝑓−1 (𝑉 ) ⋂ 𝑈  is (𝜎𝑖 , 𝜎𝑗)-pre-

closed in 𝑈. Hence 𝑓𝑈 is (𝑖𝑖 , 𝑗)-contra pre-continuity.∎ 

Definition 2.3. The graph 𝐺(𝑓) of  a function 

𝑓: ( 𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2)  is called  (𝑖, 𝑗)-contra pre-

closed if for every point (𝑥, 𝑦) ∈ (𝑋 × 𝑌)\G(𝑓), there 

exist 𝑀 ∈ (𝜎𝑖 , 𝜎𝑗)- 𝑃𝑂(𝑋, 𝑥) and 𝑁 is 𝛿𝑗-closed set in 

𝑌 such that (𝑀 × 𝑁) ∩ 𝐺(𝑓) = ∅. 

Lemma 2.1. The graph 𝐺(𝑓) of the function  

𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is (𝑖𝑖 , 𝑗)-contra pre-closed 

if and only if for any point (𝑥, 𝑦) ∈ (𝑋 × 𝑌) \G(𝑓), 

there exist 𝑀 ∈ (𝜎𝑖 , 𝜎𝑗)-𝑃𝑂(𝑋, 𝑥) and 𝑁 ∈ 𝛿𝑗-𝐶(𝑌, 𝑦) 

such that 𝑓(𝑀) ∩ 𝑁 = ∅. 

Proof:  ⟹  Since (𝑥, 𝑦) ∉ G(𝑓), there are two subsets 

𝑀 ∈ (𝜎𝑖 , 𝜎𝑗)-𝑃𝑂(𝑋, 𝑥) and 𝑁 ∈ 𝛿𝑗-𝐶(𝑌, 𝑦) containing 

𝑥 and 𝑦 respectively such that (𝑀 × 𝑁) ∩ 𝐺(𝑓) =
∅ ⟹ 𝑓(𝑋)⋂𝑁 = ∅. So we get 𝑓(𝑀)⋂𝑁 = ∅. 

⇐  We will prove that the graph is (𝑖𝑖 , 𝑗)-contra pre-

closed. For (𝑥, 𝑦) ∈ (𝑋 × 𝑌) \G(𝑓), we have 𝑦 ≠
𝑓(𝑥) for every 𝑥 ∈ 𝑋. By assumption, there exist two 

sets 𝑀 ∈ (𝜎𝑖 , 𝜎𝑗)-𝑃𝑂(𝑋, 𝑥) and 𝑁 ∈  𝛿𝑗-𝐶(𝑌, 𝑦) such 

that 𝑦 ∈ 𝑁 ⟹ 𝑦 ∈ 𝑌\𝑓(𝑋) ⟹ 𝑁⋂𝑓(𝑋) = ∅.  For 

(𝜎𝑖 , 𝜎𝑗)-pre-open set 𝑀 in 𝑋, we have  (𝑀 ×

𝑁)⋂(𝑋 × 𝑓(𝑋)) = ∅ ⟹ (𝑀 × 𝑁)⋂𝐺(𝑓) = ∅ . 

Therefore, 𝐺(𝑓) is (𝑖𝑖 , 𝑗)-contra pre-closed in 𝑋 × 𝑌.  

∎   

Theorem 2.8. Let  𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) be 

(𝑖, 𝑗)-contra pre-continuity and 𝑌 is (𝛿𝑖, 𝛿𝑗)-Urysohn 

space, then 𝐺(𝑓) is (𝑖, 𝑗)-contra pre-closed in 𝑋 × 𝑌. 

Proof: Let (𝑥, 𝑦) ∈ (𝑋 × 𝑌) \ 𝐺(𝑓). Due to 𝑦 ≠ 𝑓(𝑥) 

and 𝑌 is (𝛿𝑖, 𝛿𝑗)-Urysohn, we have 𝛿𝑖-open sets 𝑉and 

𝑊 such that 𝑓(𝑥) ∈ 𝑉, 𝑦 ∈ 𝑊and  𝛿𝑗-𝑐𝑙(𝑉) ⋂ 𝛿𝑗-

𝑐𝑙(𝑊) = ∅.  As𝑓 is (𝑖, 𝑗)-contra pre-continuity, there 

exists (𝜎𝑖 , 𝜎𝑗)-pre-open set containing 𝑥 such that 

𝑓(𝑈) ⊂ 𝛿𝑗- 𝑐𝑙(𝑉). Then, we get 𝑓(𝑈) ⋂ 𝛿𝑗- 𝑐𝑙(𝑊) =

∅. This shows that 𝐺(𝑓) is (𝑖, 𝑗)-contra pre-closed. ∎ 

 

3-Effects of pairwise contra-pre-continuous on 

some pairwise strongly covering properties. 

Several kinds of lindelöfness were generalized and 

studied in a bitopological space defined by pairwise 

pre-open and 𝑖 –open sets [1,10].  

Now, we shall define (𝑖, 𝑗)-strong Lindelöf spaces in 

sense of Kiliçman definition of  𝑝1-Lindelöf spaces 

[10]. 

 

Definition 3.1.  Let (X , 𝜎1, 𝜎2) be a bitopological 

space, then X is called: 

(1)   (𝑖, 𝑗)-strongly Lindelöf  if any (𝑖, 𝑗)-pre- open 

cover of X has 𝑗-open countable    subcover. X is 

called 𝑝1- strongly Lindelöf space if it is (1,2)-

strongly Lindelöf and (2,1)-strongly Lindelöf. 

 

(2)    strongly 𝑖-𝐿-closed if any 𝑖-closed cover of 𝑋 has 

𝑖-closed countable subcover. X is called strongly 

𝐿-closed space if it is strongly 𝑖-𝐿-closed for 𝑖 =
1,2. 

 

Remark 3.1 Every 𝑝1--strongly Lindelöf space is 𝑝1-

Lindelöf. 

Example 3.1 Let 𝑋 be real numbers and 𝜎1=𝜎2= 

discrete topology. (𝑋, 𝜎1, 𝜎2) is 𝑝1-strongly Lindelöf 

space. Therefore,  𝑋 is 𝑝1-Lindelöf space. 

 

Theorem 3.1. If  (X , 𝜎1, 𝜎2)  is 𝜎𝑖-Lindelöf whit 

respect to 𝜎𝑗 and (𝑖, 𝑗)-submaxmallty space, then it is 

(𝑖, 𝑗)-strongly Lindelöf space. 

 

Proof:  It is immediately from the definition of 𝜎𝑖 

Lindelöf whit respect to 𝜎𝑗 [10] and Theorem 2.4. ∎  

 

Definition 3.2.  A subset 𝐴 of a space (X , 𝜎1, 𝜎2)  is 

said to be: 

(1) (𝑖, 𝑗)-strongly Lindelöf relative to 𝑋 if each cover 

of 𝐴 by (𝑖, 𝑗)-pre-open sets of X  has 𝑗-open 

countable subcover. A subset 𝐴 is called 𝑝1- 

strongly Lindelöf relative to 𝑋 if it is (1,2)-

strongly Lindelöf  relative to 𝑋 and (2,1)-strongly 

Lindelöf relative to 𝑋. 

 

(2) strongly𝑖-𝐿-closed relative to 𝑋 if the subspace A 

is strongly𝑖-𝐿-closed. A subset 𝐴 is called 

strongly𝐿-closed relative to 𝑋 if it is strongly 𝑖-𝐿-

closed  relative to 𝑋 for  𝑖 = 1,2.  
 

Definition 3.3. (𝑋, 𝜎1, 𝜎2) is called (𝑖, 𝑗)-𝑃𝑝-space if 

the intersection of countable of (𝑖, 𝑗) –pre-open sets is 

(𝑗, 𝑖)–pre-open set. 

 

Theorem 3.2. Let (𝑋, 𝜎1, 𝜎2) be (𝜎𝑗 , 𝜎𝑖)-submaxmallty 

and (𝜎𝑖 , 𝜎𝑗)-𝑃𝑝-space. If 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) 

has (𝑖, 𝑗)-contra pre-closed graph, so, for any strongly 

𝛿𝑗-𝐿-closed set 𝑅,  𝑓−1(𝑅)  is  𝜎𝑗-closed set . 

 

Proof: Suppose that 𝑅 be strongly 𝛿𝑗-𝐿-closed set in 𝑌 

and 𝑎 ∉ 𝑓−1(𝑅). For any 𝑟 ∈ 𝑅 , (𝑎, 𝑟) ∉ 𝐺(𝑓). Via  

Lemma 2.1, we have (𝜎𝑖 , 𝜎𝑗)-pre-open set  𝑈𝑟  

containing 𝑎 and 𝛿𝑗-closed set  𝑉𝑟  containing 𝑟 such 

that 𝑓 (𝑈𝑟) ∩ 𝑉𝑟 = ∅ whereas {𝑅 ∩ 𝑉𝑟: 𝑟 ∈ 𝑅} is 𝛿𝑗-
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closed cover of the subspace 𝑅, there exists a 𝛿𝑗-

closed countable subcover {𝑉𝑟𝑛
: 𝑛 ∈ ℕ} such that 

𝑅 ⊂ ⋃ 𝑉𝑟𝑛𝑛∈ℕ . 

 As 𝑋 is (𝜎𝑖 , 𝜎𝑗)-𝑃𝑝-space, so the set  𝑀 = ⋂{𝑈𝑟𝑛
: 𝑛 ∈

ℕ} is (𝜎𝑗 , 𝜎𝑖)-pre-open set. Because 𝑋 is (𝜎𝑗 , 𝜎𝑖)-

submaximallty, 𝑀 is 𝜎𝑗-open set by Theorem 2.4. 

Therefore 𝑓(𝑀) ∩ 𝑅 = ∅ ⟹ 𝑀 ∩ 𝑓−1(𝑅) = ∅. Thus, 

𝑓−1(𝑅) is 𝜎𝑗-closed in X. ∎ 

 

Theorem 3.3. If 𝑓: (𝑋, 𝜎1, 𝜎2) → (𝑌, 𝛿1, 𝛿2) is (𝑖, 𝑗)-

contra pre-continuity and 𝑅 is (𝜎𝑖 , 𝜎𝑗)-strongly 

Lindelöf relative to 𝑋, then 𝑓(𝑅) is strongly 𝛿𝑗-𝐿-

closed in 𝑌. 

 

Proof. Assume that the family {𝑂𝛼: 𝛼 ∈ 𝐼} be any 

cover of 𝑓(𝑅) via 𝛿𝑗-closed sets of the subspace 𝑓(𝑅). 

For any 𝛼 ∈ 𝐼, there is 𝛿𝑗-closed set𝑄𝛼  in 𝑌 such that 

𝑂𝛼 = 𝑄𝛼 ⋂ 𝑓(𝑅). For every point 𝑟 ∈ 𝑅, there exists 

𝛼𝑟 ∈ 𝛻 such that 𝑓(𝑟) ∈ 𝑄𝛼𝑟 .By Theorem 2.1,  there 

exists 𝑀𝑟 ∈ (𝜎𝑖 , 𝜎𝑗)-𝑃𝑂(𝑅, 𝑟) such that 𝑓 (𝑀𝑟) ⊂

𝑄𝛼𝑟 . Since the family {𝑀𝑟: 𝑟 ∈  𝑅} is (𝜎𝑖 , 𝜎𝑗)-pre-

open cover of 𝑅, there exists 𝜎𝑗-open countable 

subcover {𝑀𝑟𝑛
: 𝑛 ∈ ℕ } such that 𝑅 ⊂ ⋃ 𝑀𝑟𝑛 𝑛 ∈ ℕ . 

Therefore, we get 

𝑓(𝑅) ⊂ ⋃{ 𝑓(𝑀𝑟𝑛
): 𝑛 ∈  ℕ} 

                              ⊂ ⋃ { 𝑄𝛼𝑟𝑛  : 𝑛 ∈  ℕ}. 

 This implies that 𝑓(𝑅) is strongly 𝛿𝑗-𝐿-closed in 𝑌. ∎ 

 

4-conclusion. 
 

During this work, we studied the concept of contra 

pre-continuity in bitopological spaces. Also, we 

obtained pairwise contra pre-closed graphs and their 

properties. In addition, we investigated the 

implications of these types of functions on some 

covering properties.
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