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Abstract. The aim of this paper is to study the notion of contra pre-continuous functions in a bitopological space
called pairwise contra pre- continuous up on some generalizations of closed sets, namely pairwise pre-closed and
pairwise pre-open sets. Also, we introduce pairwise contra pre-closed graphs and study some of their properties.
In addition, we study the implications of these types of functions on some covering properties.
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1- Introduction and Preliminaries

The study of some generalizations about closed sets in
topological space known as pre-closed sets was started
by several authors in recent years [4,12]. Mashhour et.
al. proposed the idea of a pre-open set in topological
spaces [12]. The subset A of a space X is called pre-
open if A c int(cl(A)). So, A is termed pre-open set
in a space X. In addition, the pre-closed set is defined
as the complement of a pre-open set. Based on the sets
recall mentioned above, many researchers gave some
kinds of functions in topological space. For example,
Dontchev presented the concept of contra continuity
[4]. Also, Jafri and Noiri introduced and investigated
the concept of contra pre-continuity in topology which
is weaker than contra-continuity [5]. A function
f:(X,0) - (Y,8) is termed contra pre-continuous if
V is §-open set then f=1(V) is a-pre-closed in X. They
obtained many basic properties and some effects of it
on some topological concepts as connectedness and
covering properties as compactness. Jeli¢ introduced
the idea of pre-open sets in bitopology [6]. Also, some
researchers studied various types of functions and
graphs in bitopological spaces [2,6,8] and others).

In the current work, we focus on the notion of contra
pre-continuous in bitoplogical settings and provide
several characterizations of this function. Furthermore,
we investigate its graphs and the effects on many
covering properties as pairwise strongly Lindelof
spaces.

During this study, all spaces (X,7) and (X, g, 0,) all
the time mean topological spaces and bitopological
spaces, respectively. In current investigation, we
practice the symbols (oq,0;)- to signify assured
properties with respect to topology o; and o; as
bitopological spaces, such that i,j = {1, 2}. Using ;-
open set, we shall imply the open set with respect to
topology o; in X. Also, o;-open cover of X implies
that the cover of X by g;-open sets in X. The reader
may find more details about symbols and thoughts in

[71.

Definition 1.1. [6] A set P in (X, 0y, 0;) is termed
(i,j)-pre-open if and only if P < i—int(j—cl(P)). A
subset P is said to be pairwise pre-open in X if it is
(1,2)-pre-open and (2,1)-pre-open.

A set is named (i, j)-pre-closed if it is the complement
of (i,j)-pre-open. A set P is called pairwise pre-
closed in X if it is (1,2)-pre-closed and (2,1)-pre-
closed.

The collection of all (i, j)-pre-open (resp. (i,)-pre-
closed) sets in X will be presented by (i, j)-PO(X )
(resp. (i, j)-PC(X)).

Definition 1.2. [9]1 A f: (X, 04,0,) = (Y,681,6,) is
known as continuity if £~ (V) is o;-open in X for all
d;-open set V inY such that i = 1,2.

Definition 1.4. [3] A space (X, 0y, 0,) is termed (i, j)-
submaximallty if any j-dense set in X is i-open. X is
pairwise submaximallty if it is (1,2)- submaximallty
and (2,1)- submaximallty.

Definition 1.5. [11] f:(X,0y,0;,) = (Y, 84, 6,) is

(i, j)-contra continuity if f~1(V) is o;-closed in X for
each §;-open setV inY such thati,j = 1,2 and i # j.
A function f is called pairwise contra continuity if it is
both (1,2)-contra continuity and (2,1)-contra
continuity.

2-Pairwise contra pre-continuity.

Due to Jafri definition [5], we shall generalize it to
pairwise contra pre-continuity in bitopology as the
following:

Definition 2.1. A function f: (X, 04,0,) = (Y, 8, 82)
is (i, j)-contra pre-continuity if f~*(V) is (o}, g;)-pre-
closed in X for each §;-open set V in Y, fori,j = 1,2
and i # j. The function f is said to be pairwise contra
pre-continuity if it is both (1,2)-contra pre-continuity
and (2,1)-contra pre-continuity.
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Remark 2.1. Itis clear that each pairwise contra
continuity is pairwise contra pre-continuity but the
converse is not true in general as the next example
shows.

Example 2.1. Let f: (X,04,0,) = (Y,8,,8,) bea
functionand X =Y = {a,, a,, a3} suchthat o; =
{(D,X, {ai}, {a1"13}}, 03 = {(D'X: {a3}}, 6, =
{0,Y,{a;}} and &, = {0, Y,{a,}}. Let f defined as
fla)) = ay, f(az) = a3, f(az) = a,. f isnot
pairwise contra continuity [11], but it is pairwise
contra pre-continuity.

Further, the notions of continuity and pairwise contra
pre-continuity are independent.

Example 2.2. Let f:(X,0,,0;,) = (X,8,,8,) bea
function and X = {a,, a,, as} such that g; =

{Q)'X' {aZ}' {al' aZ}}' 0-2 = {Q): X, {a2: a3}}, 51 =
{0,X,{a.}}, 6, ={0,X,{a,}}. Let f defined as
fla)) = ay, f(az) = a;, f(az) =a,. Thus fis
pairwise contra continuity [11]. So, it is pairwise
contra pre-continuity. f is not continuity since V =

{a;} € 6, but f1({a;}) = {a,} € 0.

Theorem 2.1. Let f: (X, 0y,0,) = (Y, 8;1,6,). The

followings are equivalent:

(1) fis (i,j)-contra pre-continuity;

(2) f~1(W) is (o;, oj)-pre-open set in X, for any &;-

closed set Win Y;

(3) for every point x in X and every §;-closed set W
containing f(x), we have (g;, ;)-pre-open set V
containing x such that f(V) c W.

Proof: (1) = (2) Suppose that W be any §;-closed
setin Y. So, Y\W is §;-open. Since f is (i;, j)-contra
pre-continuous, f~*(Y\W) is (a;, 0;)-pre-closed.
Then, f=1 (Y\W) = X\f~* (W) is i-(0;, g;)-pre-
closed and f=1(W ) is (o, 0;)-pre-open set in X.

(2) = (1) Suppose that V be any §;-open set. So,
Y\V is §;-closed set. By (2), we have f~'(Y\V) =
X\f~1(V) is (a;, 07)-pre-open set. This implies that
f~1(V) is (0y, 0;)-pre-closed set. Therefore, f is (i, )-
contra pre-continuity.

(2) = (3) Assume that W be §;-closed set containing
f(x). Via (2), f~*(W) is (g;, o;)-pre-open containing
x suchthat f~*(W) = U= f(U) S W.

(3) = (2) Suppose that W be any &;-closed set such
that f(x) e W = x € f~1(W). Thus, we have V, €
(0i,07)-PO(X, x) such that f (V) € W. Then,
fW) = U{l:x € (W)} € (01,0)-PO(X, x).m

Here, we introduce the notion of pairwise pre-
connected as following:

Definition 2.2. A space (X, g4, d;) is said to be (i, j)-
pre-connected if X cannot be written as union of
(i,j)-pre-open set and (j, i)-pre-open setin X. X is
called pairwise pre-connected if it is (1,2)-pre-
connected and (2,1)- pre-connected.

Theorem 2.2. If f: (X, 0y,05) = (Y,8,,8,) is
pairwise contra pre-continuity onto and X is (a;, 0;)-
pre-connected, then Y is (6;, §;)-connected.

Proof. Suppose that Y is not (6;, §;)-connected. So,
we have §;-open set Wjand &;-open set W, such that
W,UW, =Y and W,NW, = @ [7]. Furthermore, W;is
d;-closed set and W, is ;- closed set. Due to pairwise
contra pre-continuity of f, f=1(W,) is (j,{)-pre-open
and f~1(W,) is (i, j)-pre-open in X. As f is onto, we
get

f_l(Wl)Uf_l(Wz) =X
and

f_l(Wl)nf_l(Wz) =0.
This contracts that X is (a;, 0;)-pre-connected space.
Therefore Y is (8;, 6;)-connected space. m

Theorem 2.3. [3] Every subspace A of (i, j)-
submaximallty space X is (i, j4)-submaximallty.

Theorem 2.4. If a bitopological space X is (i, j)-
submaximallty, then each (i, j)-pre-open subset of X
is i-open.

Proof: From Theorem 2.3. m

Theorem 2.5.If f:(X,0,05) = (Y,84,8,) is (i, ))-
contra pre-continuity and X is (i, j)- submaximllity,
then £ is (i, j)-contra continuity.

Proof: Assume that V be §;-open set. So f~*(V) isa
(0, 0j)-pre-closed set in X because f is (i;, j)—contra
pre-continuity. So X\f (V) is (g;, 6;)-pre-open set.
As X is (a;, 0j)- submaximllty space and by Theorem
2.4, X\f~1(V) is o;-open. Then f~1(V) is g;-closed
set in X. This shows that f is (i;, j)-contra
continuity.m

Theorem 2.6. Let f:(X,04,0,) = (Y,8,,8,) be
(i, j))-contra pre-continuity and g: (¥, 8;,8,) —
(Z,v1,v2) is j-continuity, thus gof: (X, 01, 0,) =
(Z,v1,7v2) is (i;, j)-contra pre-continuity.

Proof: Assume that W be y;-open set. Since g is j-
continuity, then g~'(W) is &;-open set. As f is (i, )-
contra pre-continuity, then f~'(g='(W)) is (a;, 0})-
pre-closed set in X. Due to f (g '(W)=

(go)T'W),  so gof:(X,01,02) > (Z,v1,¥2) s
(i, j)-contra pre-continuity. m

Next, we state the restriction of pairwise contra pre-
continuity.
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Theorem 2.7. Let f: (X, 0,,0,) = (Y, 6;,6,) be
(i;, j)-contra pre-continuity. If U is (a4, 05)-pre-
closed subset of X then the restriction

fui (U,04,0,) = (Y,8,,8,) is (i;, j)-contra pre-
continuity.

Proof: Suppose that V is §;-openin Y. f~1(V ) is

(0, 07)-pre-closed in X since f be (i;, j)-contra pre-
continuity. Thus f~*(V) NU is (o;, g;)-pre-closed in
U.Since (f) (V) = f~* (V) NU is (a;, 07)-pre-
closed in U. Hence fy is (i;, j)-contra pre-continuity.m

Definition 2.3. The graph G(f) of a function
fi(X,0,0,) = (Y,8,,8,) iscalled (i,j)-contra pre-
closed if for every point (x,y) € (X x Y)\G(f), there
exist M € (o;,0;)- PO(X,x) and N is §;-closed set in
Y such that (M x N) n G(f) = 0.

Lemma 2.1. The graph G (f) of the function
f:(X,0y,0,) = (Y, 8;,68,) is (i;, j)-contra pre-closed
if and only if for any point (x,y) € (X X Y) \G(f),
there exist M € (a3, 0;)-PO(X,x) and N € §;-C(Y,y)
such that f(M) N N = @.

Proof: = Since (x,y) € G(f), there are two subsets
M € (0;,0;)-PO(X,x) and N € &;-C(Y,y) containing
x and y respectively such that (M X N) n G(f) =

® = f(X)NN = @.So we get f(M)NN = Q.

< We will prove that the graph is (i;, j)-contra pre-
closed. For (x,y) € (X x Y)\G(f), we have y #
f(x) for every x € X. By assumption, there exist two
sets M € (0;,0;)-PO(X,x) and N € §;-C(Y,y) such
thaty e N =y e Y\f(X) = NNf(X) = @. For
(0, 0;)-pre-open set M in X, we have (M x

MNEX X fX))=0 = M xN)NG()=0.
Therefore, G(f) is (i;, j)-contra pre-closed in X X Y.
||

Theorem 2.8. Let f:(X,04,0,) = (Y,68;,6,) be
(i, j)-contra pre-continuity and Y is (6;, §;)-Urysohn
space, then G(f) is (i, j)-contra pre-closed in X x Y.

Proof: Let (x,y) € (X X Y)\ G(f). Duetoy # f(x)
and Y is (8;, 8;)-Urysohn, we have §;-open sets VVand
W suchthat f(x) € V,y € Wand &;-cL(V) N §;-

cl(W) = @. Asf is (i, j)-contra pre-continuity, there
exists (o;, 0;)-pre-open set containing x such that

f(U) € &;-cl(V). Then, we get f(U) N §;- cl(W) =
@. This shows that G (f) is (i, j)-contra pre-closed. m

3-Effects of pairwise contra-pre-continuous on
some pairwise strongly covering properties.

Several kinds of lindel6fness were generalized and
studied in a bitopological space defined by pairwise
pre-open and i —open sets [1,10].

Now, we shall define (i, j)-strong Lindelof spaces in
sense of Kiligman definition of p;-Lindelof spaces
[10].

Definition 3.1. Let (X, g4, 0;) be a bitopological
space, then X is called:

(1) (i, j)-strongly Lindelof if any (i, j)-pre- open
cover of X has j-open countable subcover. X is
called p, - strongly Lindelof space if it is (1,2)-
strongly Lindelof and (2,1)-strongly Lindelof.

(2) strongly i-L-closed if any i-closed cover of X has
i-closed countable subcover. X is called strongly
L-closed space if it is strongly i-L-closed for i =
1,2.

Remark 3.1 Every p,--strongly Lindel&f space is p; -
Lindelof.

Example 3.1 Let X be real numbers and g;,=0,=
discrete topology. (X, g4, g;) is p;-strongly Lindelof
space. Therefore, X is p;-Lindelof space.

Theorem 3.1. If (X, 0y,0,) is g;-Lindelof whit
respect to g; and (i, j)-submaxmallty space, then it is
(i, ))-strongly Lindelof space.

Proof: It is immediately from the definition of g;
Lindelof whit respect to o; [10] and Theorem 2.4. m

Definition 3.2. A subset A of a space (X, g1,0;) is

said to be:

(1) (i,j)-strongly Lindelof relative to X if each cover
of A by (i, j)-pre-open sets of X has j-open
countable subcover. A subset A is called p, -
strongly Lindelof relative to X if it is (1,2)-
strongly Lindelof relative to X and (2,1)-strongly
Lindelof relative to X.

(2) stronglyi-L-closed relative to X if the subspace A
is stronglyi-L-closed. A subset A is called
stronglyL-closed relative to X if it is strongly i-L-
closed relative to X for i = 1,2.

Definition 3.3. (X, gy, 03) is called (i, j)-P,-space if
the intersection of countable of (i, j) —pre-open sets is
(j, i)—pre-open set.

Theorem 3.2. Let (X, gy, 03) be (oj, 0;)-submaxmallty
and (ay, g;)-P,-space. If f: (X, 0q,0,) — (Y,6,,6;)
has (i, j)-contra pre-closed graph, so, for any strongly
8;-L-closed set R, f~*(R) is o;-closed set .

Proof: Suppose that R be strongly 6;-L-closed set in Y
anda ¢ f~1(R). Foranyr € R, (a,r) € G(f). Via
Lemma 2.1, we have (g;, g;)-pre-open set U,
containing a and &;-closed set V. containing r such
that f (U,) NV, = @ whereas {R N V.: 7 € R} is §;-
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closed cover of the subspace R, there exists a d;-
closed countable subcover {V, :n € N} such that

R € Unen Vs,
As X is (0y, 0j)-By-space, so the set M = N{U,,:n €
N} is (a;, 0;)-pre-open set. Because X is (aj, 0;)-
submaximallty, M is g;-open set by Theorem 2.4.
Therefore f(M)NR =0 = M n f~1(R) = @. Thus,
f7'(R) isoj-closed inX. m

Theorem 3.3. If f: (X, 0y,0,) = (Y, 61,8,) is (i, ))-
contra pre-continuity and R is (a;, 0j)-strongly
Lindelof relative to X, then f(R) is strongly 6;-L-
closedinY.

Proof. Assume that the family {O,: « € I} be any

cover of f(R) via §;-closed sets of the subspace f(R).

For any a € I, there is 6;-closed setQ, in Y such that
0, = Q, N f(R). For every point r € R, there exists
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